It is shown that, by an appropriate modification of the structure of the interaction potential, the Breit equation can be incorporated into a set of two compatible manifestly covariant wave equations, derived from the general rules of Constraint Theory. 
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The covariant Breit equation
We begin with the Constraint Theory wave equations describing a system of two spin-1/2 particles composed of a fermion of mass m 1 and an antifermion of mass m 2 , in mutual interaction [7] : where α 1 (α 2 ) refers to the spinor index of particle 1 (2) . γ 1 is the Dirac matrix γ acting in the subspace of the spinor of particle 1 (index α 1 ); it acts on Ψ from the left. γ 2 is the Dirac matrix acting in the subspace of the spinor of particle 2 (index α 2 ); it acts on Ψ from the right; this is also the case of products of γ 2 matrices, which act on Ψ from the right in the reverse order :
In Eqs. (2.1) p 1 and p 2 represent the momentum operators of particles 1 and 2, respectively. V is a Poincaré invariant potential.
The compatibility (integrability) condition of the two equations (2.1) imposes conditions on the wave function and the potential. For the wave function, one finds the constraint :
which allows one to eliminate the relative energy variable in a covariant form. For eigenfunctions of the total momentum operator P , the solution of Eq. (2.4) is :
where we have used notations from the following definitions :
We also define transverse and longitudinal components of four-vectors with respect to the total momentum P :
This decomposition is manifestly covariant. In the c.m. frame the transverse components reduce to the three spacelike components, while the longitudinal component reduces to the timelike component of the corresponding four-vector. (Note that x T 2 = −x 2 in the c.m. frame.) Also notice that, with the definition of the longitudinal components, P L , which is the positive square root of P 2 , does not change sign for negative energy states (under the change P → −P ); in this case, it is the longitudinal components, q L , of those four-vectors which are independent of P that change sign, since these are linear functions ofP .
For the potential, one finds the constraint : 8) which means that V is independent of the relative longitudinal coordinate x L :
Equations (2.5) and (2.9) show that the internal dynamics of the system is threedimensional, besides the spin degrees of freedom, described by the three-dimensional transverse coordinate x T .
The relationship between the potential V and Feynman diagrams is summarized by the following Lippmann-Schwinger-Quasipotential type [10, 11, 12, 13, 14, 15, 16, 17, 8, 18] equation :
, where :
i) T is the off-mass shell fermion-antifermion scattering amplitude;
ii) C is the constraint (2.4) :
in Eq. (2.10) the external momenta of the amplitude T are submitted to the constraint
C;
iii) G 0 is defined as : 12) where S 1 and S 2 are the propagators of the two fermions, respectively, in the presence of the constraint (2.11), and H 0 is the Klein-Gordon operator, also in the presence of the constraint (2.11) :
In order to obtain the covariant Breit equation, we define the covariant Dirac "hamiltonians" :
14a)
We then multiply Eq. (2.1a) by γ 1L and Eq. (2.1b) by γ 2L , respectively. After subtracting the two equations from each other, we obtain the equation : 15) which can be rewritten as :
Addition of the two equations to each other leads to the equation : 17) which can be rewritten as : 
We now define the Breit wave function Ψ B by :
Then, Eq. (2.16) takes the form : In the c.m. frame, with the standard definitions β = γ 0 and α=γ 0 γ, Eq. (2.21)
becomes :
In perturbation theory, V has, in lowest order, according to Eq. (2.10), the structure [18] :
where U is the three-dimensionally reduced form of the propagator of the exchanged particle, including the couplings at the vertices. To this order, Eq. (2.23) takes the form:
We notice here, in distinction from the Breit equation, the presence of the energy sign factor in front of the potential U ; it is this factor which ensures the global charge conjugation symmetry of the equation.
Finally, in the limit when m 2 tends to infinity, Eq. (2.25) yields the Dirac equation of particle 1, with the potential β 1 U (β 2 is replaced by −1 for the antifermion and ǫ(P 0 ) by +1 in this limit).
Equations (2.1), or equivalently (2.21) and (2.22), were analyzed, in Ref. [18] , in the nonrelativistic limit, to order 1/c 2 , in particular for the electromagnetic interaction case.
For an arbitrary covariant gauge of the photon propagator, the corresponding hamiltonian receives contributions (among others) from quadratic terms generated by the one-photon exchange diagram as well as from the two-photon exchange diagrams. However, it turns out that in the Coulomb gauge (and also in the Landau gauge to that order) the twophoton contribution cancels the quadratic terms arising from the one-photon exchange diagram and one then is left with the Breit hamiltonian [2, 19] . This explains why the Breit equation in its linearized approximation provides a correct result to order α 4 . However, in other gauges than the Coulomb and Landau gauges, it is necessary to take into account the quadratic terms as well as the two-photon exchange contribution to obtain a correct result.
Normalization condition
The normalization condition of the wave function Ψ can be determined either from the construction of tensor currents of rank two, satisfying two independent conservation laws, with respect to x 1 and x 2 [7] , or from the integral equation of the corresponding Green's function [14, 17] . One finds for the norm of ψ [Eq. (2.5)] the formula (in the c.m. frame and for local potentials in x T ) :
where V satisfies the hermiticity condition :
For energy independent potentials (in the c.m. frame) the norm of ψ is not positive definite for arbitrary V . In order to ensure positivity, it is sufficient that the potential V satisfy the inequality
In this case one is allowed to make the wave function transformation
and to reach a representation where the norm for c.m. energy independent potentials is the free norm.
In this respect, the parametrization suggested by Crater and Van Alstine [20] , for potentials that commute with γ 1L γ 2L (and hence into forms analogous to the Dirac equation, where each particle appears as placed in the external potential created by the other particle, the latter potential having the same tensor nature as potential V of Eq. (3.5).
We shall henceforth adopt the above parametrization (3.5). For more general potentials that do not commute with γ 1L γ 2L , the natural extension of parametrization (3.5) is:
According to Eqs. (3.2) and (3.4), we shall introduce the wave function transformation :
The norm of the new wave function Ψ then becomes (in the c.m. frame) : Equations (2.1) then take the form :
In order to determine the normalization condition of the Breit wave function Ψ B , we first define from V a potential V B as : 11) while the relationship between Ψ B and Ψ [Eq. (3.7)] is :
The Breit type equation (2.21) becomes :
The normalization condition of ψ B (defined from Ψ B as in Eq. (2.5)) is, in the c.m.
frame :
We therefore end up with three different representations for the two-particle wave 
We consider the case of potentials that are local in x T (but having eventually a c.m.
energy dependence) and that are functions of products of γ 1 and γ 2 matrices in equal number (general vertex corrections do not satisfy the latter property); then V commutes with γ 1L γ 2L :
We introduce projection matrices for the above 2 × 2 component subspaces :
They satisfy the relations : Then, the most general (parity and time reversal invariant) potential V [Eqs. (3.5) and (3.10)] we may consider has the decomposition on the basis (4.3) :
The potentials a i themselves may still have spin dependences. The spin operators, which act in the 2 × 2 component subspaces, are defined by means of the Pauli-Lubanski operators:
They also satisfy the relations :
We introduce the operators :
then, the potentials a i [Eq. (4.5)] can be decomposed as :
where the potentials A i , B i , C i are functions of x T 2 and eventually of P 2 .
The projectors (4.3)-(4.5) satisfy the simple property :
10)
The Breit potential V B [Eq. (3.10)] has also a decomposition like (4.5) :
with the following relations with the a i 's :
The relationship (3.12) between ψ B and ψ can be rewritten for their 2 × 2 components as well :
[ψ i is defined from a decomposition of ψ as in Eq. (4.1).]
The Breit type equation (3.13) is now easily decomposed into four equations for the four components ψ Bi (i = 1, . . . , 4) :
These equations allow one to eliminate the components ψ B1 , ψ B2 and ψ B4 in terms of ψ B3 , which is a surviving component in the nonrelativistic limit. Upon defining
one finds for ψ B1 and ψ B2 the relations :
One then obtains two independent equations for ψ B3 and ψ B4 :
Elimination of ψ B4 leads to the eigenvalue equation for ψ B3 : It has the following structure : 20) and the decomposition of the potentials a i [Eq. (4.5)] along these potentials is given by the relations :
With potentials of the type (4.20) and after using the wave function transformation (4.13)], was presented in Ref. [18] .
Equations (4.14) could also have been solved with respect to ψ B4 instead of ψ B3 .
Zero mass solutions
As a straightforward application of the covariant Breit equation, with the class of potentials considered in Sec. 4, we shall exhibit, in this section, a class of solutions which correspond to massless pseudoscalar bound states in the limit when the masses of the constituent particles tend to zero.
The key observation is that, because of the presence of the kernel e 2V B in the normalization condition (3.14), one is allowed to search for solutions in which some of the components ψ Bi are constants, provided the kernel e 2V B is rapidly decreasing at infinity.
The quantum numbers of the state are determined by those of the components ψ B3
and ψ B4 , which are the surviving components in the nonrelativistic limit. For the ground state they have the quantum numbers s = 0 (for the total spin operator defined in Eq.
(4.6)), ℓ = 0 (for the orbital angular momentum operator) and j = 0 (for the total angular momentum operator); these quantum numbers are those of a pseudoscalar state. We shall restrict the search by demanding that the components ψ B1 and ψ B2 be zero for the ground state solution.
Inspection of Eqs. (4.14a) and (4.14b) shows that ψ B3 must be a constant :
(The vanishing of the components ψ B1 and ψ B2 can then also be checked directly in Eqs. One is left with the two equations (4.14c) and (4.14d), which become simple algebraic equations :
These equations have a nontrivial solution only if a 3 + a 4 is a constant :
Then :
We now check the normalizability of the solution thus found. For simplicity, we shall consider potentials that are independent of P 2 in the c.m. frame; the corresponding conclusions are not much affected by an eventual smooth P 2 dependence of the potentials.
The normalization condition (3.14) becomes : can easily be analyzed; in this case all solutions other than the one found above remain massive in the limit of vanishing constituent masses.
Equations (4.14) also have solutions for which ψ B3 = ψ B4 = 0 and ψ B1 and ψ B2 are nonzero. In this case one finds the solution P L = |m 1 − m 2 |e −(a 1 + a 2 ) , with (a 1 + a 2 ) equal to a constant. This solution is, however, unphysical, since it belongs to one of the unphysical subspaces, where one of the longitudinal momenta, p 1L or p 2L , calculated from Eqs. (2.6) and (2.22), may become negative [7] .
Finally, the solution found above can also be expressed in the "canonical" representation. Taking into account the relationship (3.12), one finds :
The massless pseudoscalar bound state solution found in this section does not of course exhaust all possibly existing solutions. Furthermore, several types of mechanism may lead to the occurrence of massless pseudoscalar bound states, in connection with the spontaneous breakdown of chiral symmetry. Two such mechanisms are : i) the dynamical fermion mass generation, due to radiative corrections in the fermion self-energy part [21] ;
ii) the fall to the center phenomenon, due to short distance singularities [22] . Our solution differs from the above two in that it is a direct consequence of the particular confining nature of the interaction and therefore hinges on long distance forces, rather than on the short distance ones or on the radiative corrections. The solution corresponding to the pure pseudoscalar interaction case was studied in detail in Ref. [23] .
Conclusion
We have shown that, by an appropriate modification of the structure of the interaction The covariant two-body Breit equation suggests several possibilities for its generalization to the N-body case (N > 2) or for the incorporation of external potentials. However, one meets here the known difficulty of the "continuum dissolution" problem [24, 25] , which prevents the existence of normalizable states. Usually, this difficulty is circumvented by the introduction of projection operators, either in the potential [26, 27] or in the kinetic terms [4] . It is not yet known whether some local generalization of the Breit equation may avoid the above difficulty.
